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SPECTRAL GEOMETRY OF ETA-EINSTEIN
SASAKIAN MANIFOLDS
JEONGHYEONG PARK
Abstract. We extend a result of Patodi for closed Riemannian manifolds
to the context of closed contact manifolds by showing the condition that a
manifold is an η-Einstein Sasakian manifold is spectrally determined. We also
prove that the condition that a Sasakian space form has constant φ-sectional
curvature c is spectrally determined.
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1. Introduction
The relationship between the spectrum of certain natural operators of Laplace
type and the underlying geometry of a Riemannian manifold has been studied
by many authors. Let (M, g) be a compact Riemannian manifold. Let ∆p be the
Laplace-Beltrami operator acting on the space of smooth p forms over a compactm-
dimensional Riemannian manifoldM . Patodi [15] established the following spectral
characterization of space forms:
Theorem 1. Let (Mi, gi) be compact Riemannian manifolds without boundary.
Assume that Spec(∆p,M1) = Spec(∆p,M2) for p = 0, 1, 2. Then:
(1) The manifold M1 has constant scalar curvature c if and only if the manifold
M2 has constant scalar curvature c.
(2) The manifold M1 is Einstein if and only if the manifold M2 is Einstein.
(3) The manifold M1 has constant sectional curvature c if and only if the man-
ifold M2 has constant sectional curvature c.
Donnelly [6] and Gilkey and Sacks [8] extended Theorem 1 to the complex setting,
and the present author extended Theorem 1 from the context of closed Riemannian
manifolds to the context of compact Riemannnian manifolds with boundaries [11].
See also related work [12].
A contact metric manifoldM of dimension m with contact form η and associated
metric g is called an η-Einstein manifold if the Ricci tensor ρ is given by
ρ = αg + βη ⊗ η for α, β ∈ C∞(M) .
Note that α and β are constant ifM is a η-Einstein Sasakian manifold of dimension
≥ 5 [1]; this fails if dimM = 3 [9]. Also note that the η-Einstein tangent sphere
bundle of a Riemannian manifoldM of radius r equipped with the standard contact
metric structure has constant functions α and β [4, 13] if dimM ≥ 2.
The study of η-Einstein metrics is related to the Sasakian Calabi problem [2].
Tanno [18] showed that Sasaki metric on the unit tangent sphere bundle of any
sphere Sn is η-Einstein and D-homothetic deformation of this metric produces a
homogeneous Einstein metric on T1S
n. We refer to [5, 10, 16, 21] for related work
and some physical applications. In this paper, we shall extend our study in the
Riemannian setting to the case of the contact geometry setting. The following is
the main result of this paper:
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Theorem 2. Let Mi = (Mi, ηi, gi, φi, ξi) be mi-dimensional compact Sasakian
manifolds without boundary withmi ≥ 5. Assume that Spec(∆p,M1) = Spec(∆p,M2)
for p = 0, 1, 2. Then:
(1) m1 = m2 and Vol(M1) = Vol(M2).
(2) M1 has constant scalar curvature c if and only if the manifold M2 has
constant scalar curvature c.
(3) M1 is η-Einstein if and only if M2 is η-Einstein.
(4) M1 is Sasakian space form with constant φ-sectional curvature c if and only
if M2 is Sasakian space form with constant φ-sectional curvature c.
The values p = 0, 1, 2 are not particularly special. They are chosen for illus-
trative purposes only - there are other values which could be chosen – see related
work [17, 19] for example. If f ∈ C∞(M), let
f [M ] :=
∫
M
f(x) dvol(x) .
The crucial point is that under the hypotheses of either Theorem 1 or of Theorem 2
that
{1[M ], τ [M ], τ2[M ], |ρ|2[M ], |R|2[M ]}
are spectrally determined.
Here is a brief outline to the remainder of this paper. In Section 2, we review
some facts concerning the Sasakian manifold. In Section 3, we review some previous
results concerning the heat trace asymptotics. In Section 4, we complete the proof
of Theorem 2.
The author would like to thank to Professors Gilkey and Sekigawa for their
helpful comments on the manuscript.
2. Sasakian manifolds
All manifolds in the present paper are assumed to be connected and of class C∞.
We prepare some fundamental material about Sasakian manifold. We refer to [1]
for further details. A (2n+ 1)-dimensional manifold M2n+1 is said to be a contact
manifold if it admits a global 1-form η such that η ∧ (dη)n 6= 0 everywhere. Given
a contact form η, we have a unique vector field ξ, the characteristic vector field,
satisfying η(ξ) = 1 and dη(ξ,X) = 0 for any vector field X . It is well-known that
there exists a Riemannian metric g and a (1, 1)-tensor field φ such that
η(X) = g(X, ξ), dη(X,Y ) = g(X,φY ), φ2X = −X + η(X)ξ (1)
where X and Y are vector fields on M . From (1), it follows that
φξ = 0, η ◦ φ = 0, g(φX, φY ) = g(X,Y )− η(X)η(Y ). (2)
A Riemannian manifold M equipped with structure tensors (η, g, φ, ξ) satisfying
(1) is said to be a contact metric manifold (or contact Riemannian manifold) and
is denoted by M = (M, η, g, φ, ξ).
A normal contact metric manifold is called a Sasakian manifold. Equivalently,
an almost contact metric manifoldM = (M, η, g, φ, ξ) is a Sasakian manifold if and
only if the following condition holds [1]:
(∇Xφ)Y = g(X,Y )ξ − η(Y )X. (3)
On the other hand, a contact metric manifold is called a K-contact manifold if the
characteristic vector field ξ is a Killing vector field. It is well-known that a Sasakian
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manifold is necessarily a K-contact manifold. We also have the following formulas
for a Sasakian manifold [1].
∇Xξ = −φX, (4)
R(X,Y )ξ = η(Y )X − η(X)Y, (5)
ρ(ξ, ξ) = 2n, (6)
where R and ρ are the curvature tensor and Ricci tensor of M , respectively.
Definition 1. A contact metric manifold M = (M, η, g, φ, ξ) is said to be η-
Einstein if the Ricci tensor ρ of M is of the form
ρ = αg + βη ⊗ η
for smooth functions α and β on M .
On the other hand, it is known that any 3-dimensional Sasakian manifold is η-
Einstein. We may easily check that, for an η-Einstein Sasakian manifold, the func-
tions α and β are both constant if dimM ≥ 5 [1]. A Sasakian manifold M is called
a Sasakian space form if M has constant φ-sectional curvature. It is known that
the curvature tensor [20] of a 2n + 1 ≥ 5-dimensional Sasakian space form with
constant φ-sectional curvature is given by
R(X,Y, Z,W ) = g(R(X,Y )Z,W )
=
c+ 3
4
{g(Y, Z)g(X,W )− g(X,Z)g(Y,W )}
+
c− 1
4
{g(X,φZ)g(φY,W )− g(Y, φZ)g(φX,W ) + 2g(X,φY )g(φZ,W )}
+
c− 1
4
{η(X)η(Z)g(Y,W )− η(Y )η(Z)g(X,W ) + g(X,Z)η(Y )η(W )
− g(Y, Z)η(X)η(W )}.
(7)
for any vector fields X,Y, Z,W on M . Let M be a (2n+ 1)-dimensional Sasakian
space form. We set m = 2n+ 1. Then from (7), we see that the Ricci tensor ρ of
M is given by
ρ =
1
4
{(m+ 1)c+ 3m− 5}g −
m+ 1
4
(c− 1)η ⊗ η, (8)
and hence, M is an η-Einstein manifold.
We now define the tensor fields Sα,β and Tc of M respectively by
Sα,β(X,Y ) = ρ(X,Y )− (αg(X,Y ) + βη(X)η(Y )), and (9)
Tc(X,Y, Z,W ) =R(X,Y, Z,W )− {
c+ 3
4
{g(Y, Z)g(X,W )− g(X,Z)g(Y,W )}
+
c− 1
4
{g(X,φZ)g(φY,W )− g(Y, φZ)g(φX,W ) + 2g(X,φY )g(φZ,W )}
+
c− 1
4
{η(X)η(Z)g(Y,W )− η(Y )η(Z)g(X,W ) + g(X,Z)η(Y )η(W )
− g(Y, Z)η(X)η(W )}}.
(10)
for vector fields X,Y, Z,W on M , where α, β are some smooth functions on M
and c is a constant.
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Let {ei} be an orthonormal basis of TpM at any point p ∈M . In the sequel, we
shall adopt the following notational convention:
Rijkl = g(R(ei, ej)ek, el),
ρij = ρ(ei, ej), φij = g(φei, ej),
∇iφjk = g((∇eiφ)ej , ek),∇iηj = g((∇eiξ), ej)
(11)
and so on, where the Latin indices run over the range 1, 2, · · · ,m = 2n + 1. We
adopt the Einstein summation convention for the repeated indices. From (3) to (6),
we may rewrite as follows:
∇iφjk = gijηk − ηjgik,
∇iηj = −φij ,
Rijklηk = ηjgil − ηigjl,
ρijηiηj = 2n.
(12)
From the definition of the tensor field Sα,β and (12), by direct calculation, we have
|Sα,β|
2 = |ρ|2 − 2ατ + γ, (13)
where γ = mα2+2αβ+β2− 2(m− 1)β. Further, we see that M is η-Einstein with
the coefficient functions α and β in the defining equation if and only if Sα,β = 0
and α = τm−1 − 1, β = m−
τ
m−1 hold. In this case, we note that α, β and τ are all
constant if dimM ≥ 5.
Next, we prepare the following Lemma to calculate the square norm |Tc|
2 of the
tensor field Tc on M .
Lemma 3. On Sasakian manifold, we have
Rijkl{φkiφjl − φkjφil + 2φjiφkl} = 6τ − 6(m− 1)
2.
Proof First, we get
Rijklφkiφjl =
1
2
(Rijkl −Rkjil)φkiφjl =
1
2
(Rijkl +Rjkil)φkiφjl = −
1
2
Rkijlφkiφjl.
(14)
Similarly, we obtain
−Rijklφkjφil = −
1
2
Rjkilφjkφil,
Rijklφjiφkl = −Rijklφijφkl.
(15)
From (14) and (15), we have
Rijkl{φkiφjl − φkjφil + 2φjiφkl} = −3Rijklφijφkl. (16)
On the other hand, from (12), we get
∇l∇iφjk = gij∇lηk − gik∇lηj = −gijφlk + gikφlj ,
and hence
∇l∇iφjk −∇i∇lφjk = −gijφlk + gikφlj + gljφik − glkφij . (17)
Applying the Ricci identity to (17), and then taking sum by setting i = k in the
resulting equality, we get
−Rlijaφai − ρlaφja = (m− 2)φlj . (18)
Transvecting φlj to (18), and taking account of (12), we have
−Rlijaφaiφlj − ρlaφjaφlj = (m− 2)φljφlj = (m− 1)(m− 2), (19)
and hence
−Rilajφaiφjl = −ρla(gla − ηlηa) + (m− 1)(m− 2) = −τ + (m− 1)
2. (20)
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Thus, from (14) and (20), we have
1
2
Rjkilφjkφil = −τ + (m− 1)
2. (21)
Therefore, from (16) and (21), we have
Rijkl{φkiφjl − φkjφil + 2φjiφkl} = 6τ − 6(m− 1)
2. (22)
This completes the proof of Lemma 3. 
3. Heat trace asymptotics
Let M be a compact Riemannian manifold of real dimension m without bound-
ary, and let D be a operator of Laplace type on the space of smooth sections to a
smooth vector bundle over M . Let e−tD be the fundamental solution of the heat
equation. This operator is of trace class and as t ↓ 0 there is a complete asymptotic
expansion with locally computable coefficients in the form:
TrL2 e
−tD ∼
∑
n≥0 t
(n−m)/2an(D).
To study the heat trace coefficients an(D), we introduce a bit of additional
notation. There is a canonically defined connection ∇ = ∇(D) and a canonically
defined endomorphism E = E(D) so that
D = −(Tr(∇2) + E).
Let indices i, j, k range from 1 tom and index a local orthonormal frame {e1, ..., em}
for TM . Let Ω be the curvature of ∇, let τ := Rijji be the scalar curvature, let
ρij := Rikkj be the Ricci tensor. Let ‘;’ denote multiple covariant differentiation.
We refer to [3] for the proof of the following result:
Theorem 4. Let D be an operator of Laplace type on the space of sections C∞(V )
to a vector bundle V over a compact manifold M . Let I be the identity endomor-
phism of V . We have:
(1) a0(D) = (4pi)
−m/2
∫
M
Tr{I}.
(2) a2(D) = (4pi)
−m/2 1
6
∫
M Tr{6E + τI}.
(3) a4(D) = (4pi)
−m/2 1
360
∫
M Tr{60E;kk + 60τE + 180E
2 + 30Ω2
+(12τ;kk + 5τ
2 − 2|ρ|2 + 2|R|2)I}.
Theorem 4 plays an important role in the proof of Theorem 2. We refer to [7] for
further details.
4. Proof of Theorem 2
Let M = (M, η, g, φ, ξ) be a 2n+ 1 ≥ 5-dimensional compact Sasakian manifold
without boundary, and set m = 2n+1. From Theorem 4, for D = ∆p (p = 0, 1, 2),
we have
TrL2(e
−t∆0) = (4pit)−m/2{Vol(M) +O(t)} and also
a2(∆0,M) =
1
6
(4pi)−m/2
∫
M
τ, (23)
a2(∆1,M) =
1
6
(4pi)−m/2
∫
M
(m− 6)τ, (24)
The work of Patodi [15] shows that there exist universal constants so:
a4(∆p,M) = (4pi)
−m/2
∫
M
{c1m,pτ
2 + c2m,p|ρ|
2 + c3m,p|R|
2 + c4m,pτ;ii} . (25)
p = 0, 1, 2.
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Now, we shall prove Theorem 2. Let Mi = (Mi, ηi, gi, φi, ξi) be mi-dimensional
compact Sasakian manifolds without boundary of mi ≥ 5 (i = 1, 2). Assume
that Spec(∆p,M1) = Spec(∆p,M2) for p = 0, 1, 2. We denote by Ri, ρi and τi
the curvature tensor, the Ricci tensor and the scalar curvature of Mi (i = 1, 2),
respectively. Then, from a0(∆0,Mi) in Theorem 4 (1), we have
m1 = m2 and Vol(M1) = Vol(M2). (26)
We then establish assertion (2) by computing:
τ1 = (4pi)
m/2Vol(M1)
−1{ma2(∆0,M1)− a2(∆1,M1)}
= (4pi)m/2Vol(M2)
−1{ma2(∆0,M2)− a2(∆1,M2)}
= τ2.
(27)
The assertion (2) is nothing but a special case of the Theorem 1 (1).
Next, suppose that M1 is an η-Einstein manifold with the coefficient functions
α1 and β1 in the defining equation. Since m1 ≧ 5, it follows that α1 and β1
are constant and hence, the scalar curvature τ1 of M1 is also constant given by
τ1 = mα1 + β1. Thus, from assertion (2), it follows that the scalar curvature τ2 of
M2 is also constant and τ1 = τ2. Since Vol(M1) = Vol(M2), the integrals of τ
2 are
equal. Since τ;ii = 0, from (25), we have∫
M1
(c2m,p|ρ1|
2 + c3m,p|R1|
2) =
∫
M2
(c2m,p|ρ2|
2 + c3m,p|R2|
2) (28)
for p = 1, 2; these two equations are independent [15]. Consequently∫
M1
|ρ1|
2 =
∫
M2
|ρ2|
2 and
∫
M1
|R1|
2 =
∫
M2
|R2|
2. (29)
Thus, from (13) we have
0 =
∫
M1
|S1α1,β1 |
2 =
∫
M1
|ρ1|
2 − 2α1τ1 + γ1 =
∫
M2
|ρ2|
2 − 2α1τ1 + γ1, (30)
where γ1 = mα1
2 + 2α1β1 + β
2
1 − 2(m− 1)β1. Here, we may note that
α1 =
τ1
m− 1
− 1 =
τ2
m− 1
− 1,
β1 = m−
τ1
m− 1
= m−
τ2
m− 1
.
(31)
We here set
S2α,β = ρ2 − (α2g2 + β2η2 ⊗ η2), where α2 =
τ2
m− 1
− 1, β2 = m−
τ2
m− 1
.
(32)
Then, we have ∫
M2
|S2α2,β2 |
2 =
∫
M2
|ρ2|
2 − 2α2τ2 + γ2, (33)
where γ2 = mα2
2 + 2α2β2 + β
2
2 − 2(m− 1)β2.
From (31) and (32), we get
α1 = α2, β1 = β2 and hence γ1 = γ2. (34)
Therefore, from (30), (33) and (34), we have 0 =
∫
M2
|S2α2,β2 |
2, and therefore, M2
is an η-Einstein manifold with the same coefficients in the defining equation. This
completes the proof of Theorem 2 (3).
Lastly, suppose that M1 is a Sasakian space form with constant φ-sectional
curvature c. Then, from (8), we see thatM1 is an η-Einstein manifold with constant
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coefficients α1 =
1
4{(m + 1)c + 3m − 5} and β1 = −
m+1
4 (c − 1) in the defining
equation. Thus, it follows that the scalar curvature τ1 is given by
τ1 =
m− 1
4
{(m+ 1)c+ 3m− 1}.
Thus, by the assertion (3) and hypothesis that Spec(∆p,M1) = Spec(∆p,M2) (p=0,
1, 2), we see that M2 is an η-Einstein manifold with the constant coefficients α2
and β2 in the defining equation such that α2 = α1, β2 = β1, and hence τ2 = τ1. We
denote by T 2c the tensor field defined by (10) of the Sasakian manifold M2. We set
(T 2c )ijkl := Rijkl −Kijkl, (35)
where
Kijkl =
c+ 3
4
{gjkgil − gikgjl}+
c− 1
4
{φkiφjl − φkjφil + 2φjiφkl}
+
c− 1
4
{ηiηkgjl − ηjηkgil + gikηjηl − gjkηiηl}.
Then, by direct calculation, we have
|K|2 =
(c+ 3)2
16
{gjkgil − gikgjl}
2 +
(c− 1)2
16
(φkiφjl − φkjφil + 2φjiφkl)
2
+
(c− 1)2
16
ηiηkgjl − ηjηkgil + gikηjηl − gjkηiηl)
2
+
(c− 1)(c+ 3)
8
(gjkgil − gikgjl)(φkiφjl − φkjφil + 2φjiφkl)
+
(c− 1)(c+ 3)
8
(gjkgil − gikgjl)(ηiηkgjl − ηjηkgil + gikηjηl − gjkηiηl)
+ 0
=
m− 1
2
{(m+ 1)c2 + 3m− 1}.
(36)
Next, by taking account of Lemma 3, we get
RijklKijkl =
c+ 3
4
Rijkl(δjkδil − δikδjl)
+
c− 1
4
Rijkl(φkiφjl − φkjφil + 2φjiφkl)
+
c− 1
4
Rijkl(ηiηkδjl − ηjηkδil + δikηjηl − δjkηiηl)
= 2cτ −
1
2
(m− 1)(3m− 1)(c− 1).
(37)
Then, from (35), (36) and (37), we have
|T 2c |
2 = |R2|
2 − 4cτ2 + d, (38)
where d := m−12 (m + 1)c
2 + (m − 1)(3m− 1)c − 12 (m− 1)(3m− 1). On the other
hand, since M1 is m-dimensional Sasakian space form with constant φ-sectional
curvature c, we have
|R1|
2 =
m− 1
2
{(m+ 1)c2 + 3m− 1},
and further
0 = |T 1c |
2 = |R1|
2 − 4cτ1 + d. (39)
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Then we use (29), (38), taking account of (39) and τ1 = τ2, we have
0 =
∫
M1
|T 1c |
2 =
∫
M1
|R1|
2 − 4cτ1 + d =
∫
M2
|R2|
2 − 4cτ2 + d =
∫
M2
|T 2c |
2,
and hence, T 2c = 0 on M2. Therefore, we see that M2 is also an m-dimensional
Sasakian space form with constant φ-sectional curvature c. This completes the
proof of Theorem 2 (4). 
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